On the elastic approximation to the vacancy formation energy in metals by Arnoult, W. J. et al.
ON THE ELASTIC APPROXIMATION TO TKE VACANCY 
FORMATION ENERGY I N  METALS 
bY 
W. J. ArnouIt*, K. SaIamaJc’v and J. M. Roberts**’\ 
W. J , A .  , JcJ\K.S. and J<Jc*J.M.R, a r e  r e s p e c t i v e l y  Graduate Student ,  Post-  
d o c t o r a l  Fellow and P ro fes so r  o f  Ma te r i a l s  Science,  Department of 
Mechanical and Aerospace Engineer ing and Mate r i a l s  Science,  R i c e  
Un ive r s i ty ,  Houston, Texas e 
https://ntrs.nasa.gov/search.jsp?R=19710009732 2020-03-12T00:08:37+00:00Z
ABSTRACT 
The i s o t r o p i c  e l a s t i c  continuum model proposed by F r i e d e l  [1-3] 
t o  d e s c r i b e  p o i n t  d e f e c t s  i n  metals is s u i t a b l y  modified and used t o  
c a l c u l a t e  t h e  energy and en t ropy  of vacancy formation. The vacancy c o r e  
i s  considered a s  a d e f e c t  having e l a s t i c  p r o p e r t i e s  d i f f e r e n t  from those  
o f  t h e  surrounding l a t t i c e .  Three c r i t e r i a  a r e  s e t  f o r t h  f o r  t h e  a p p l i -  
c a t i o n  of t h e  model. F i r s t l y ,  t he  boundary cond i t ions  a r e  s a t i s f i e d  on  
t h e  i n t e r f a c e  between t h e  vacancy c o r e  and t h e  l a t t i c e  r e g i o n  s o  a s  . t o  
r e n d e r  t h e  d e f e c t  i n  t h e  h o s t  l a t t i c e  f r e e  of e x t e r n a l  stress, p r e s s u r e  
o r  body f o r c e .  Secondly, t h e  r a t i o  o f  vacancy volume t o  atomic volume 
i s  considered t o  b e  equa l  t o  t h e  expe r imen ta l ly  determined va lue .  Th i rd ly ,  
t h e  Voigt [ 4 ]  average of t h e  s i n g l e  c r y s t a l  e l a s t i c  c o n s t a n t s  is employed 
i n  t h e  c a l c u l a t i o n s .  Good agreement is ob ta ined  between theory and ex- 
periment f o r  a v a r i e t y  of me ta l s .  
1 
INTRODUCTION 
There e x i s t s  i n  t h e  l i t e r a t u r e  many models f o r  e s t i m a t i n g  t h e  
energy o f  formation o f  vacancies  i n  metals .  Each of t h e s e  models r e p r e -  
s e n t s  e i t h e r  one o r  t h e  o t h e r  o f  two b a s i c  approaches - t h e  i s o t r o p i c  
e l a s t i c  continuum approximation [3,5-91 and t h e  d i s c r e t e  atomic l a t t i c e  
model [5,10-181. Ha l l  [5] and Gibbs [8]  made a q u a l i t a t i v e  comparison 
between t h e  two models and showed how t h e  d i s c r e t e  and e l a s t i c  continuum 
models are  b a s i c a l l y  r e l a t e d .  The e l a s t i c  model can  r e p r e s e n t  t h e  
smoothing o u t  o f  a d i s c r e t e  atomic displacement  model w i thou t  s e r i o u s  
l o s s  of q u a n t i t a t i v e  s t o r e d  energy v a l u e  e s t i m a t e s .  
To apply t h e  i s o t r o p i c  e l a s t i c  continuum model t o  the  ca l cu -  
l a t i o n  o f  t h e  energy of vacancy formation,  t h r e e  b a s i c  c r i t e r i a  must 
be s a t i s f i e d .  F i r s t l y ,  t h e  boundary c o n d i t i o n s  a t  t h e  i n t e r f a c e  between 
t h e  vacancy and t h e  l a t t i c e  r e g i o n  should b e  s a t i s f i e d  so a s  t o  r ende r  
t h e  d e f e c t  f r e e  of e x t e r n a l  stresses [19].  Secondly, t h e  r a t i o  o f  t h e  
vacancy volume t o  atomic volume should be equa l  t o  t h e  expe r imen ta l ly  
determined va lue  which is  found t o  be approximately 0.5 f o r  metals  w i t h  
cub ic  symmetry i20-241. Th i rd ly ,  a Voigt [4] average over  the s i n g l e  
c r y s t a l  e l a s t i c  c o n s t a n t s  should b e  used i n  o r d e r  t o  maintain t h e  i s o -  
t r o p i c  concept.  McLellan [9] app l i ed  the  second c r i t e r i a  t o  t h e  e l a s t i c  
continuum model desc r ibed  by Eshelby ['I]. He found good agreement between 
c a l c u l a t e d  and experimental  va lues  f o r  t he  energy and entropy of formation 
o f  vacancies .  However, t h e s e  c a l c u l a t i o n s  leave an i n t e r n a l  p r e s s u r e  a t  
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t h e  vacancy co re  and t h e  apparent  u se  of t h e  s i n g l e  c r y s t a l  s h e a r  modu- 
lus  C44 f o r  t h e  i s o t r o p i c  s h e a r  modulus seems u n j u s t i f i e d .  
Brooks [6]  cons ide r s  t h e  vacancy a s  a vacan t  c o r e  r e g i o n  
p o s s e s s i n g  a boundary s u r f a c e  energy and a surrounding d i s t o r t e d  e l a s -  
t i c  r eg ion .  By minimizing t h e  t o t a l  energy of t h e  system, t h e  d i s p l a c e -  
ment through which t h e  surrounding l a t t i c e  r e l a x e s  was found f o r  copper.  
The r e s u l t i n g  displacements  a r e  r a t h e r  sma l l  and p r e d i c t  a vacancy t o  
atomic r a t i o  of 0.74. By u s i n g  an uncommon method t o  average t h e  e l a s -  
t i c  c o n s t a n t s ,  Brooks ob ta ined  a v a l u e  f o r  t h e  energy of vacancy f o r -  
mation which appears about t w i c e  t h a t  determined expe r imen ta l ly  f o r  
copper.  
The p r e s e n t  work modifies t h e  m i s f i t t i n g  sphere model of 
F r i e d e l  [l-31 , s o  t h a t  s e l f - c o n s i s t e n t  e l a s t i c  continuum r e l a t i o n s h i p s  
a r e  obtained.  In t h e s e  c a l c u l a t i o n s  t h e  t h r e e  c r i t e r i a  f o r  t h e  model 
a r e  s a t i s f i e d ,  The thermodynamic parameters  r e l a t e d  t o  vacancy f o r -  
mation a r e  developed and the  c a l c u l a t e d  v a l u e s  a r e  compared wi th  known 
experimental  r e s u l t s .  
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THE FRIEDEL MODEL 
I n  t h e  e l a s t i c  model due t o  F r i e d e l  [l-31, a s p h e r i c a l l y  
symmetric i s o t r o p i c  m a t e r i a l  I i s  assumed having r a d i u s  R, atomic r a d i u s  
a ,  and c o m p r e s s i b i l i t y  and s h e a r  modulus x and p r e s p e c t i v e l y .  A spher-  
i c a l  c a v i t y  of volume i s  removed from t h e  i n t e r i o r  of t h e  bulk 
and r ep laced  by a m a t e r i a l  I1 wi th  atomic r a d i u s  a ' ,  and c o m p r e s s i b i l i t y  
and shea r  modulus xr  and p1 r e s p e c t i v e l y .  The two m a t e r i a l s  a r e  then  
allowed t o  a d j u s t  under t h e  in f luence  of unbalanced s u r f a c e  stresses 
ac ross  t h e i r  r e s p e c t i v e  i n t e r f a c e s  u n t i l  t he  l a t t e r  become one and t h e  
same i n t e r f a c e .  Con t inu i ty  of t he  two media e x i s t s  a t  a r a d i u s  b .  A t  
t h i s  p o i n t ,  t h e  s u r f a c e  t r a c t i o n  on t h e  two i n t e r f a c e s  cance l  t o  l eave  
t h e  r e s u l t a n t  i n t e r f a c e  s t ress  f r e e .  The displacements  i n  m a t e r i a l  I 
and I1 have t h e  r e s p e c t i v e  f u n c t i o n a l  forms 
VI(?) = B? 4- C 
where A ,  B and C a r e  c o n s t a n t s  t o  be determined from t h e  boundary con- 
d i t i o n s .  Equations (1) and ( 2 )  can be s u i t a b l y  d i f f e r e n t i a t e d  t o  y i e l d  
t h e  s t r a i n s  and, hence, t h e  stresses i n  each m a t e r i a l .  Balancing t h e  
stresses i n  medium I and I1 a t  r = b and imposing c o n t i n u i t y  o f  media 
y i e l d s  : 
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C = 7'b3 {i} 
, and B = l +  d., 3 x = -  a '  - a where' 7' = , 
4 w  xx 
APPLICATION TO VACANCIES 
1) The E l a s t i c  Model 
To apply t h e  F r i e d e l  model t o  vacanc ie s ,  m a t e r i a l  I1 i s  
assumed t o  be a compressible  and pe r tu rbed  Fermi e l e c t r o n  gas o r i g i n a t i n g  
from t h e  l o c a l  e l e c t r o n  charge r e d i s t r i b u t i o n  when a vacancy is formed 
and t h e  l o c a l  l a t t i c e  r e l a x e s .  The e f f e c t i v e  e l e c t r o n  gas p r e s s u r e  i n  
t h e  vacancy c a v i t y  i s  balanced w i t h  t h e  nega t ive  p r e s s u r e  of t h e  r e l a x -  
i ng  e l a s t i c  m a t e r i a l  a c r o s s  t h e  i n t e r f a c e  a t  r = b ,  so  t h a t  
-4clTI =3 
B 5x' 
The expres s ion  f o r  t h e  bu lk  modulus o f  an e l e c t r o n  gas has been employed 
[25-261 i n  the above r e l a t i o n .  
The e l a s t i c  model desc r ibed  above d e f i n e s  t h e  displacement  a t  
r = b a s  r a d i a l  and equa l  t o  (b - a ) ,  so  t h a t  t h e  l o c a l  vacancy d i l a t a t i o n  
is 3(b - a )  a 
f is t h e  expe r imen ta l ly  eva lua ted  r e l a x e d  atomic volume ra t io . ,  The l o c a l  
We d e f i n e  t h e  l o c a l  vacancy d i l a t a t i o n  as  ( f  - 1)Cl where 
a 
and atomic vacancy d i l a t a t i o n s  b e i n g  assumed equa l ,  it follows t h a t :  
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where t h e  
less t h a n  
on ly  t o  & 
(" a) has been made and an  e r r o r  of approximation 2,-b -  a 
10% introduced.  The experimental  v a l u e s  o f  f a r e  a c c u r a t e  
5% so  t h a t  t h i s  assumption appears j u s t i f i e d .  
The c o n t i n u i t y  o f  media c r i t e r i o n  of t h e  e l a s t i c  model shows: 
S o l u t i o n  of equa t ions  6 ,  7 ,  and 8 shows t h a t :  
and 
3 b =  - a 
4 - f  
a '  = - a [3 + ( f  - 1) d] 
4 - f  x x  
x' = 9 
20p(1 - f) 
The e l a s t i c  s t o r e d  energy of t h e  vacancy is found by e v a l u a t i n g  t h e  work 
done on the i n t e r n a l  s u r f a c e  of medium I and t h e  e x t e r n a l  s u r f a c e  of 
medium 11, each s u r f a c e  undergoing determined displacements  under 
known fo rces .  Combining t h e  two c o n t r i b u t i o n s  t o  t h e  t o t a l  energy, one 
f i n d s  t h e  e l a s t i c  s t o r e d  energy p e r  vacancy t o  be :  
U s e  of equat ions 9 ,  10 and 11, reduces equa t ion  12  t o :  
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2 )  Thermodynamics of t he  Model 
The e l a s t i c  s t o r e d  energy Eo i s  a Gibbs f r e e  energy a s s o c i a t e d  
wi th  forming a vacancy. Following a development given by F r i e d e l  [ L ,  21, 
t h e  t o t a l  f r e e  energy change p e r  vacancy i n  the  c r y s t a l  c a n  b e  consid-  
ered a s  t h e  sum o f  two terms: 
AF = AF1 3 AF2 
where AFl ' is  t h e  c o n f i g u r a t i o n a l  f r e e  energy change a s s o c i a t e d  w i t h  p l a c -  
i n g  a vacancy i n  t h e  c r y s t a l  s o  t h a t :  
where cv i s  t h e  atomic c o n c e n t r a t i o n  o f  vacancies  and k and T have t h e i r  
u s u a l  meaning. AF2 is  t h e  Gibbs f r e e  energy change p e r  vacancy due t o  
o t h e r  c o n t r i b u t i n g  terms and may be w r i t t e n  a s  
where AUz i s  t h e  energy of formation of t he  d e f e c t  and AS2 is  an  en t ropy  
change due t o  t h e  change i n . v i b r a t i o n a 1  frequency o f  t he  atoms l o c a l l y  
a s s o c i a t e d  w i t h  t h e  c r y s t a l  d e f e c t .  Knowing Eo t o  be t h e  Gibbs f r e e  
energy change eva lua ted  a t  low temperature (0°K i n  the  p r e s e n t  p a p e r ) ,  
one o b t a i n s  t h e  vacancy formation energy a t  any temperature T ,  as 
The t o t a l  f r e e  energy change of t he  c r y s t a l  i s  t h e r e f o r e  
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The s i z e  e f f e c t  ref inement  is  neg lec t ed  i n  t h i s  type o f  c a l c u l a t i o n  [27 ]  
s i n c e  t h e  r a d i u s  of t h e  sample i s  assumed t o  be i n  t h e  macroscopic s i z e  
range o f  1 cm.  
e q u i l i b r i u m  c o n c e n t r a t i o n  of vacanc ie s ,  c:, t o  be 
Upon minimizing AF w i t h  r e s p e c t  t o  cv, one f i n d s  the 
c t  = exp [ \aT - Eo - T 
kT 
D i f f e r e n t i a t i o n  of equa t ion  1 2  w i t h  respect t o  T y i e l d s  
where cy i s  t h e  c o e f f i c i e n t  of l i n e a r  expans ion.  
To e v a l u a t e  AS it i s  assumed t h a t  each atom can  b e  approxi-  2 '  
mated a s  a simple harmonic o s c i l l a t o r  v i b r a t i n g  w i t h  a frequency v *  
Applying a h igh  temperature  approximation t o  a quantum s t a t i s t i c a l  aver-  
age v i b r a t i o n a l  energy, t h e  f r e e  energy p e r  o s c i l l a t o r  p e r  degree o f  
freedom is found t o  be kT dn  6%) [28].  D i f f e r e n t i a t i n g  t h i s  expres s ion  
w i t h  r e s p e c t  t o  temperature;  one f i n d s  t h e  change i n  atomic v i b r a t i o n a l  
entropy t o  be 
where v '  i s  a reduced v i b r a t i o n a l  frequency p e r  atom a s s o c i a t e d  wi th  t h e  
r e l axed  L a t t i c e  neighboring t h e  vacancy. Because v '  is  ve ry  c l o s e  t o  v 9  
&n E!. 
d i v i d i n g  by the  l o c a l  l a t t i c e  d i l a t a t i o n ,  , i t  is found p e r  2 n e a r e s t  




neighbor o s c i l l a t o r s  p e r  degree of freedom t h a t :  
- -  as2 - - z k d(&nv) 
av Q d(&nV) 
The nega t ive  of t h e  d i f f e r e n t i a l  is t h e  Griineisen's c o n s t a n t ,  y, which 
is r e l a t i v e l y  independent of t h e  temperature and t h e  E i n s t e i n  frequency. 
Since t h e  l o c a l  atomic d i l i t a t i o n  p e r  o s c i l l a t o r  surrounding t h e  vacancy 
is  g iven  by (l--f> and w e  assume a s  d i d  C o t t r e l l  [29] f o r  t h e  atoms 
Z 
nea r  t h e  c o r e  of a d i s l o c a t i o n ,  t h a t  on ly  one degree of freedom has i t s  
frequency pe r tu rbed ,  equa t ion  (22)  becomes: 
Applying r e l a t i o n s  (20) and (23) t o  (19) ,  one o b t a i n s :  
3 )  App l i ca t ion  of t h e  Model t o  Experiment 
The c o n c e n t r a t i o n  of vacancies  is  determined expe r imen ta l ly  
e i t h e r  by r e s i s t i v i t y  measurements on the  bu lk  sample [30, 311 o r  by 
t h e  simultaneous measurement o f  l e n g t h  and L a t t i c e  parameter change [ 3 2 ] .  
When .P,n c: o r  some p r o p e r t y  p r o p o r t i o n a l  t o  c: is p l o t t e d  vs l / k ~  , t h e  
s l o p e  of the  r e s u l t a n t  s t r a i g h t  l i n e  is  des igna ted  Ev and t h e  i n t e r c e p t  
a t  - -+ 0 i s  des igna ted  S, e 
f 
1 f 
From equa t ion  (24)  t hen  i t  appears:  
T 




f L d  \ 
p d T /  
Sv = k y ( l  - f )  - Eo 3a + -  11! : 
4 )  P r e d i c t i o n  and R e s u l t s  of t h e  Model 
The p r e s e n t  model has been so lved ,  i . e . ,  equat ions ( 1 3 )  and 
(26) eva lua ted  f o r  a v a r i e t y  of metals  w i t h  cub ic  symmetry u s i n g  t h e  
expe r imen ta l ly  determined va lue  of 0.5 f o r  f. 
of t h e  e l a s t i c  c o n s t a n t s  publ ished by Simmons [33]  w e r e  used i n  t h e  c a l -  
c u l a t i o n s .  A l l  t h e  i n v e s t i g a t o r s  c i t e d  i n  Simmons and t h e  v a l u e  of t h e  
e l a s t i c  c o n s t a n t s  which each i n v e s t i g a t o r  determined f o r  a p a r t i c u l a r  
metal  were c a r e f u l l y  compared t o  ensu re  a cho ice  of va lues  which 
w a r r a n t  most confidence.  The Voigt e l a s t i c  c o n s t a n t s  and x w e r e  
eva lua ted  a s  desc r ibed  by H i r t h  and Lothe [34]  and 
l a t e d  a t  room temperature  from t h e  s e l e c t e d  s i n g l e  c r y s t a l  d a t a  pub l i shed  
by Simmons. Values of 0 and awere  taken from t h e  Metals Handbook 1351, 
and v a l u e s  of y were taken from Mott & Jones [28].  Table I l i s t s  t h e  
va lues  o f  t h e  a c t u a l  p h y s i c a l  c o n s t a n t s  employed. The temperature  f o r  which 
t h e  e l a s t i c  c o n s t a n t s  w e r e  determined was 0°K u n l e s s  s t a t e d  otherwise.  
Low temperature va lues  (near 0 " ~ )  
V 
&tk was c a l c u -  
P dT 
f A wide range of experimental  v a l u e s  of Ef and Sv were found 
V 
t o  e x i s t  i n  t h e  l i t e r a t u r e .  F r i e d e l ' s  [ Z ]  published va lues ,  be ing  ave r -  
ages of many experimental  o b s e r v a t i o n s ,  w e r e  i n  t u r n  averaged w i t h  more 
r e c e n t  experimental  r e s u l t s  t o  y i e l d  t h e  experimental  va lues  c i t e d  i n  
Tables I1 and 111. 
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Table I1 sugges t s  t h a t  t h e  p r e s e n t  model w i th  t h e  v a l u e  of 
0.5 f o r  f y i e l d s  good agreement w i t h  t h e  expe r imen ta l ly  determined 
v a l u e s  of vacancy formation energy f o r  t he  cub ic  metals  o t h e r  t h a n  t h e  
a l k a l i s  L i  and K. Agreement was a l s o  found i n  t h e  case  of t he  almost 
i d e a l l y  packed h.c .p .  Mg('/ a = 1.623) and f . c . c .  Co. 
be expected s i n c e  t h e  va lue  of f = 0.5 used i n  c a l c u l a t i n g  E i s  t h a t  
determined expe r imen ta l ly  on gold and.copper.  However, u s i n g  t h e  same 
va lue  of f i n  t h e  c a s e  of b . c . t .  Sn and h.c.p. Zn and Cd = 1.856, 
1.886 r e s p e c t i v e l y ) ,  t h e  agreement was poor. Knowing t h e  expe r imen ta l ly  
determined va lues  of vacancy formation energy f o r  t h e s e  me ta l s ,  f was 
a d j u s t e d  i n  equa t ion  (13) u n t i l .  agreement was ob ta ined .  
a va lue  of f = 0.78 and f o r  Sn a v a l u e  of f = 0.75 was ob ta ined .  These 
f va lues  are i n  f a i r  agreement w i t h  t h e  v a l u e  of 0.67 f o r  f assumed by 
Wallmark and Gi lde r  [36] i n  t h e i r  work on Zn. Higher va lues  of f t han  
0.5 sugges t  t h a t  t h e r e  i s  less l a t t i c e  r e l a x a t i o n  i n  t h e  non-cubic l a t t i c e s  
than  t h e  f c c  l a t t i c e s ,  
This agreement c a n  
f 
For Cd and,Zn 
E c  o r e  / E 
The r a t i o  t o t a l ,  t h e  f r a c t i o n  of co re  energy t o  t o t a l  
energy of vacancy formation,  is found from t h e  theo ry  t o  b e  
= 3 / [ 5 ( 1  - f )  + 31. Table I1 shows t h i s  r a t i o  v a r i e s  from t o t a l  
0.55 f o r  cub ic  c r y s t a l s  t o  0.72 f o r  t h e  h.c.p. ,  i n d i c a t i n g  t h a t  t h e  
Largest  p o r t i o n  of t h e  t o t a l  d e f e c t  formation energy is c o n t r i b u t e d  by 
t h e  co re  r eg ion .  One minus t h i s  r a t i o  c l e a r l y  y i e l d s  t h e  f r a c t i o n  of 
t h e  t o t a l  energy of formation s t o r e d  as e l a s t i c  energy i n  the  l a t t i c e  
surrounding t h e  vacancy, i . e . ,  medium I. 
11 
I n  a d d i t i o n  t o  the  r e s u l t s  r e p o r t e d  i n  Table 11, the  energy 
of vacancy formation was c a l c u l a t e d  u s i n g  t h e  a r i t h m e t i c  average [ 3 7 ]  
of the  Voigt and Reuss [34]  a p p r o p r i a t e  e l a s t i c  c o n s t a n t s  f o r  each 
element. The ene rg ie s  thus eva lua ted  w e r e  found t o  be c o n s i s t e n t l y  
sma l l e r  i n  va lue  by 30% than  those  shown i n  Table 11. 
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Table I 
Phys ica l  Constants  Used i n  the  Ca lcu la t ions  8 







P t ( 1 )  0.665 
N a ( 2 )  0.044 
L i  (3) 0.071 
K(4) 0.017 
N i  1.011 
A 1  0.29 
W(5) 1.753 
Pb 0.137 
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" 0°K from 300°K (6 
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Table I1 
T h e o r e t i c a l  P r e d i c t i o n s  of the Model and t h e  Experimentally 
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D I S C U S S I O N  
Table I1 shows t h a t  t h e  p r e s e n t  model p r e d i c t s  r a t h e r  w e l l  
t h e  energy of vacancy formation i n  many metals  w i t h  t h e  excep t ion  of two 
of t h e  b , c c  a l k a l i s .  This agreement is r a t h e r  s u r p r i s i n g  when one con- 
s i d e r s  t h e  weaknesses of t h e  p r e s e n t  model which must a l t e r  t h e  t r u e  
r e p r e s e n t a t i o n  of t h e  displacement f i e l d .  The l i n e a r  a n i s o t r o p i c  e l a s -  
t i c  s o l u t i o n  t o  t h i s  problem f o r  c r y s t a l s  of cub ic  symmetry has  been 
r e c e n t l y  publ ished by Masumura and Sines  [55]. These au tho r s  normalized 
t h e  a n i s o t r o p i c  r a d i a l  displacement t o  t h e  i s o t r o p i c  case.  The p r e s e n t  
au tho r s  f i n d  t h i s  normalizing c o n s t a n t  t o  be t h e  same a s  t h a t  used i n  
t h e  c u r r e n t  c a l c u l a t i o n s ,  i . e ,  C i n  equa t ion  (1). Therefore ,  it is  
expected t h a t  t h e  displacement s t r e n g t h s  i n  t h e  c u r r e n t  s tudy  a r e  com- 
p a r a b l e  t o  those  of t h e  a n i s o t r o p i c  s o l u t i o n  even though t h e  d i r e c t i o n  
and senses  a r e  somewhat d i f f e r e n t .  Energy c a l c u l a t i o n s  a r e  no t  s e n s i t i v e  
t o  t h e  an i so t ropy  of t h e  displacements  b u t  depend s t r o n g l y  on t h e i r  
magnitude. There a l s o  e x i s t s  n o n - e l a s t i c  continuum and quantum mechan- 
i c a l  e f f e c t s  a t  t h e  vacancy s i t e  which a r e  impossible t o  cons ide r  i n  
t h e  l i g h t  of a l i n e a r  e l a s t i c  continuum approach. 
There a r e ,  however, d i s t i n c t  advantages t o  t h e  c u r r e n t  t ype  
o f  c a l c u l a t i o n .  The l o c a l  i on  co re  rearrangement due t o  t h e i r  mutual 
r e p u l s i o n  [5 ] ,  and the  e l e c t r o n  charge d e n s i t y  r e d i s t r i b u t i o n  a t  t h e  
vacancy s i t e  have, i n  f a c t ,  been q u a l i t a t i v e l y  considered through the  
e s t ima ted  core d i s t o r t i o n  a s  a medium of d i f f e r e n t  c o m p r e s s i b i l i t y  and 
s h e a r  modulus from the  h o s t  l a t t i c e .  Secondly, t h e  maximum s t r a i n  
around t h e  vacan t  s i t e  has been e s t ima ted  as  14%, which is  not so l a r g e  
a s  t o  be considered unreasonable f o r  a l i n e a r  model. I n  f a c t ,  t h i s  v a l u e  
i s  i n  accord w i t h  t h e  r e s u l t s  of previous i n v e s t i g a t o r s  [lo-151. Th i rd ly ,  
t h e  model p r e d i c t s  more than  one h a l f  of t h e  energy of vacancy formation 
t o  be l o c a l  co re  energy and t h e  remaining amount t o  o r i g i n a t e  from t h e  
e l a s t i c  d i s t o r t i o n  of t h e  surrounding medium. This r e s u l t  is i n  good 
agreement w i t h  t h e  work of Ha l l  [5],  who a l s o  q u a n t i t a t i v e l y  compared 
t h e  co re  t o  surrounding l a t t i c e  s t o r e d  energy. I n  t h e  l a t t e r  work, t h e  
comparison is made from a d i s c r e t e  l a t t i c e  type c a l c u l a t i o n  and t h e  
average va lue  of t h e  r a t i o  of co re  energy t o  t h e  t o t a l  energy o f  vacancy 
formation was 0.5 f o r  cub ic  c r y s t a l s .  Fourthly,  t h i s  method produces a 
continuous s t r e s s  and s t r a i n  f i e l d  a s s o c i a t e d  w i t h  t h e  vacancy everywhere 
i n  t h e  body. Therefore ,  t he  model shoud be a b l e  t o  be extended t o  p re -  
d i c t  t h e  i n t e r a c t i o n  e f f e c t s  of vacancies  w i t h  e i t h e r  i n t e r s t i t i a l s  o r  
s u b s t i t u t i o n a l  i m p u r i t i e s  i n  me ta l s .  
Table T I  shows t h a t  t h e  p r e d i c t e d  formation ene rg ie s  are lower 
than  t h e  experimental  va lues  f o r  t h e  b . c . c .  a l k a l i  metals  L i  and K. 
A jus t ing  t h e  f va lue  t o  g ive  agreement betwzen experiment and theory 
shows f = 0.27 f o r  L i  and 0 f o r  K. It seems d i f f i c u l t  t o  j u s t i f y  such 
a l a r g e  l o c a l  vacancy formation volume, It i s  p o s s i b l e  vacancy formation 
i n  the  b . c . c .  a l k a l i  metals  may be accompanied by atomic rearrangements 
i n  the  ( 2 1 1 )  d i r e c t i o n  such t h a t  t he  c o n f i g u r a t i o n  appears more l i k e  two 
17 
s p l i t  h a l f  vacancies .  I n  t h i s  ca se ,  our model would n o t  be  a p p l i c a b l e  
and agreement between theory  and experiment no t  expected. 
Table I11 shows t h e  o rde r  of  magnitude agreement between t h e  
experimental  va lues  of en t ropy  of vacancy format ion  and those  p red ic t ed  
by t h e  c u r r e n t  model. A n a l y t i c a l l y ,  t h e  c a l c u l a t e d  va lues  of t h e  
en t ropy  of vacancy formation a r e  q u i t e  s e n s i t i v e  t o  t he  va lues  o f  - 1 - du  
!JJv dT 
employed. ' This c o e f f i c i e n t  can  vary  cons iderably  w i t h  temperature  and 
i n  t h e  p r e s e n t  work was eva lua ted  a t  room temperature  from t h e  e l a s t i c  
c o n s t a n t  d a t a  [ 3 3 ] .  T k e  d a t a  a r e  spa rce  and e x h i b i t  s c a t t e r  appre-  
c i a b l y  between d i f f e r i n g  experimenters  s tudying  t h e  same metal .  
The d a t a  p o i n t s  taken  f o r  vacancy concen t r a t ions  r e p r e s e n t a t i v e  
of  h igh  temperatures  near  t h e  mel t ing  p o i n t  a r e  e x t r a p o l a t e d  s e v e r a l  
o rde r s  of magnitude t o  i n f i n i t e  temperature  ($ 4 0' i n  o rde r  t o  f ind  
1 
T t h e  i n t e r c e p t  of t h e  t n  cv vs  - curve.  
t h e  exper imenta l  va lue  of Sf and due t o  the above e x t r a p o l a t i o n  procedure,  
This i n t e r c e p t  i s  r e l a t e d  t o  
V 
i s  ve ry  s e n s i t i v e  t o  t he  accuracy of  t h e  d a t a  p o i n t s .  For these  reasons ,  
t h e  agreement w e  f i nd  between experiment and theo ry  f o r  S: is cons idered  
s a t  i s  f a c t o r y  . 
I n  summary, i t  appears  t he  advantages enumerated above f o r  t h e  
c u r r e n t  model favor  a r e l i a b l e  c a l c u l a t i o n  of  t h e  energy and en t ropy  of 
monovacancy formation i n  meta ls .  This  agreement r e s u l t s  even though t h e  
a c t u a l  displacement  f i e l d  surrounding t h e  d e f e c t  may i n  some c a s e s  be 
q u i t e  d i f f e r e n t  from t h a t  predicted.  by the  model. 
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